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Fig. 4 Vectors of the local skin friction coefficient cf and limiting
streamlines. Beginning of separation between the 5th and 6th new
orientation in Fig. 2, that is between x/L = 0.251 and x/L = 0.385 along

the windward symmetry line.

a = 15°. Both the profiles of the primary velocity, u, and of the
secondary velocity, v, are plotted against the dimensionless
distance ( from the wall for five and three different streamlines,
respectively, the numbers of which are given in Fig. 2. The area
covered is close to the separation line of Fig. 2. In the region of
maximum negative secondary flow (point m = 30 in Fig. 3) the
t/-profiles have a point of inflection corresponding to a minimum
of wall shearing stress in this direction.

Separation
The numerical boundary-layer calculation can be extended

over the body surface until a point is reached, where the stability
condition Eq. (8) is violated. Figure 4 represents an example of
the numerical calculation again for the ellipsoid of axis ratio
a/b = 4 at an angle of attack of a = 15° (Fig. 2). In a small
region which is marked in Fig. 2 the distribution of the vector
of the local skin friction coefficient cf is plotted as defined by

(9)

with TO as shearing stress at the wall.
The limiting streamlines are calculated by integration of the

directions of the c^-components. These wall streamlines run into
one line forming an envelope. Near this envelope a maximum
of reversed secondary flow in connection with a decrease of the
primary velocity components occurs (see Fig. 3). The boundary-
layer thickness reaches a steep maximum in this region. The
computation can be extended downstream of the first numerical
instability point always marching along equipotential lines until
numerical instability occurs. The so determined instability line
corresponds to the envelope of the limiting streamlines and is
plotted in Fig. 2. This line is interpreted as the separation line
of the free vortex layer type in the sense of Maskell7 and Wang.3
The separation line ends at the windward symmetry line of the
potential flow, where reversed flow occurs in the boundary layer.

Table 1 Streamline station coordinates

x/L

1
13
25
30
41

0.360
0.322
0.277
0.264
0.254

0
71
122
141
180

Similar results have been obtained for numerous bodies of
revolution with different axis ratios and angles of attack.8 The
present numerical method has also been tested for the simple
cases of a sphere and a semi-infinite cylinder in cross flow. In
both cases very satisfactory results with respect to the location
of the separation point or separation line have been obtained
with analytical methods.
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Penny-Shaped Crack in a Linear
Viscoelastic Medium under Torsion

PURNA N. KALONI* AND RAYMOND S-Mrmt
University of Windsor, Windsor, Ontario, Canada

I. Introduction

IT is well known that to solve a viscoelastic boundary value
problem that involves the boundary conditions of mixed type,

the classical correspondence principle of obtaining the visco-
elastic solution from the associated elastic solution is, in general,
no longer applicable. Graham1 has proposed a correspondence
principle for problems with time-dependent boundary regions
and has applied it2 to solve the problems of a penny-shaped
crack subjected to a tension normal to the plane of the crack.
Ting3 has developed a technique of solving problems with moving
boundaries and has applied it to obtain the contact stresses
between an axisymmetric rigid identer and a viscoelastic half
space. Present authors4 have applied this method to solve the
problems of a penny-shaped crack in a viscoelastic medium
under shear.

In the present Note we solve the related problem of a penny-
shaped crack in a linear viscoelastic medium under torsion.
Expressions for the stress distribution in the plane of the crack,
displacement over the surface of the crack, and the stress
intensity factor are given in the closed form. These quantities
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are then specialized for a Maxwell material and the effect of
viscoelasticity, wherever possible, is pointed out.

II. Basic Equations and Formulation of the Problem
We write down the Laplace transforms of the relevant field

equations and the constitutive equations appropriate to the
quasistatic theory of linear viscoelasticity. For details of defini-
tions and notations we refer to Refs. 1-4. These are:

2eij(\, s} = Uij(\, s) + Wj5j(x, s) (1)

Consider an infinite linear viscoelastic medium containing a
penny shaped crack which is under torsion. We choose cylindrical
polar coordinates (p, 9, z) such that the crack occupies the region
0 ̂  p g a(t], z = 0 for all 9. The condition associated with the
torsion then becomes

oez(p, z, t) ~ S(p, t} as (p2 + z2) -»-TX> (4)
We shall first solve the problem in a half space when the

stress <70z(p, 0, t) = - S(p, t) is acting on the crack surface, the
entire crack surface is free from normal tractions and the displace-
ment components exterior to the crack surface are all zero. In
such stress distribution the displacement components up and uz
and hence their Laplace transform are identically zero. The
equation of equilibrium for u# and the boundary conditions now
take the form

cr0z(p, z, t} = 0 as (p2 + z2)->oo
fO p> a(t) (6)
\v(p,Q,t) p ^ a ( f ]

where t?(p,0,t) is the unknown crack surface function. We also
assume that a(i] is a monotonic-increasing function of time.

On taking the Hankel transform of order one of Eq. (5) and
solving the resulting equation we obtain

where

On employing the boundary conditions (6) in Eq. (7) we get

(7)

(8)

where v(£, z, s) denotes the Hankel transform of the Laplace

transform of v(p, z, t). If we employ similar notation for adz, it
follows from Eqs. (1), (3), and (9) that

(10)

On taking the inverse Hankel and Laplace transforms, respec-
tively, of Eq. (10), we obtain

, 0 , f ) = -(1/2) PG^-T)-!- (™
Jo ci J o

(11 )

Finally on employing the condition that oez(p, 0, t) = — S(p, t)
when p ̂  a(t\ we get

, 0, p ̂ (12)

In Sec. Ill we shall give the solution of Eq. (12) for general
loading S(p, t) and then determine the various quantities of
interest.

III. Solution of Integral Equation and Discussion
On changing the variable p to m in Eq. (12) and multiplying

both sides of the equation by [m2/(p2 —ra2)1/2] and integrating
as follows, we get

m2S(m,t) ,
, 2 2Mi2dm

0(p2-m2)1 / 2

/ ,\ / -j <3\

J 0 (P2-W2)1 /2~"*J0 'wv""^' •'•"v*"'~"~- r =

We point out that in writing Eq. (13) we have also switched the
order of integration. On employing the following result from
Watson5

p m2Ji(£m) sin(^p) pcos(£p)
Jo ̂ ^P*" "-?——-{- °4)

in Eq. (13), and again interchanging the order of integration
yields

m2S(m,t)
o (p2-m2)1/2

(15)

On evaluating the last integral on the right-hand side of Eq. (15),
again by using Watson,5 and further simplifying we arrive at

"̂ ^ d m = - f ' r , , f f -T)A xdi

Now again, if we change the variable p to rj and multiply both
sides of Eq. (16) by [(^2 — p2)1/2A?2] and integrate as follows, we
get

)^ 2)1/2

p g (17)
(A2-p2)"2

The right-hand side of Eq. (17), on integrating by parts and
interchanging the order of integration, becomes equal to

n
-2Jo

d f a

(18)

We may point out that in going from Eqs. (17) to (18), we have
replaced a(i) by a(t) since a(i) is assumed to be monotonic and
i;(A, 0, T) = 0 for A > a(i\

Now, since, Gi(0) / 0, it follows that there exists a unique
function GI ~ l(i), for which

Gi-\t)*dG1(t) = Gl(t)*dGrl(t) = H(t) (19)
On combining Eqs. (17) and (18) and employing this result in the
equation we obtain

a(t) A ft 5 /»f l ( t ) / 2I ~ i C \ 177 — /

'f m2m2S(m, t)
dmdi (20)

Finally, on differentiating Eq. (20) with respect to p and further
simplifying, we arrive at

4
v(p, 0, t) = ue(p, 0, t) = --

71 Jo
^«V-P2)1/2 p m2S(m,t)

dm \di

(21)
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Equation (21) gives the displacement over the surface of the crack
in the linear viscoelastic medium for a general loading S(p, t).
The corresponding stress component oez(p, 0, t) can be evaluated
by employing Eq. (21) in Eq. (11). If, in particular, S(p, t) is
independent of p, i.e., S(p, t) = S(t) then from Eq. (21) we find

[VW-p2]1'2)"0(p,<

f'
Jo

plog Gr1(0)| +

P ̂  a(t) (22)
On substituting Eq. (21) in Eq. (11) and interchanging the order
of integration we obtain

r d raez(p,0,t) = -(1/2) Gl(t-i)—-\ Gr1^-
Jo dl jo

fa(p)

» 'Jo

P)%

(23)

On using Eqs. (14) and (19) in the above equation and further
simplifying, we finally obtain'•*°^-^ri '̂-(i/2''*'-.w<'

(24)

For p ̂  a(t), Eq. (24) reduces to aez(p, 0, t) = — S(t) as should
be expected. For p > a(t\ it can be farther simplified to give

(25)
2p[p2-a2(r)]1/2

p > a(t)
On returning to the original problem for which the boundary
condition in Eq. (4) is to be satisfied, we find

a\t)
2p [p2-^)]1/2 p > a(t)

= 0 p ̂  a(t) (26)
Equation (22) gives the displacement over the surface of the

crack for the loading, S(t). It reduces to the expression of the
classical elasticity theory,6 when the usual limits of passing from
Viscoelasticity to classical elasticity are employed. Equation (26)
is the expression for the stress component oez(p, 0, t) in the plane
of the crack, and a comparison of it with the one obtained
in classical elasticity theory6 indicates that there is no effect of
Viscoelasticity in this quantity.

The stress intensity factor N(t), defined by the equation
N(t) = ^ Hm f ) {2[p-a(r)]}1/2<Up,0, t) (27)

turns out to be
N(t) = S(t)/2{a(t)}112 (28)

Also, if we define the work done in opening the crack by
/*a(f)

W(t) = 2n pS(i)ue(p, 0, t)dp (29)
Jo

by the loading S(t), it follows from Eq. (22) and Eq. (29) that

*T'~^J</
d

>*' (30)

In the usual limits, if we identify Gi(0) by 2^, we note that first
expression on the right-hand side of Eq. (30) is the same as in the
classical elasticity theory.6 The second expression ori the right-
hand side of Eq. (30) therefore represents the excess amount of
work required due to the energy dissipation in the viscoelastic
medium.

In order to have some quantitative feeling about the above
results we now assume that the viscoelastic medium is a Maxwell
material whose behavior is characterized by

- (31)

Hence, it follows that

On employing Eq. (32) in Eq. (22), we obtain

(32)

1 f r [a(0) + {

GO^O Jo L
d9 p^ (33)

GO-CO Jo _ p
where a change of variable has been made in writing Eq. (33).
Similarly, Eq. (30) reduces to

S2(9)a3(9)d6 (34)
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Surface Heat Transfer in the Flow of
Dissociated Nitrogen

NORBERT PETERS*
Technische Universitat, Berlin, F.R. Germany

THE possibility of determining the freestream atom concen-
trations by heat-transfer measurements at surfaces of known

catalycities was investigated by a number of authors. A review
of these studies was given by Chung. * The known calculations
determining the effect of variable wall catalycities on heat transfer
are based on the frozen flow assumption which simplifies the
mathematics of the problem appreciably. A double surface gage
with a noncatalytic and a highly catalytic surface located one
after each other on a flat plate was numerically investigated
by Hayday and McGraw,2 where variable transport properties
were taken into account.

The accuracy of such a diagnosis depends much on the
possibility of realizing a flow configuration, where the gas phase
reactions are essentially frozen, while the surface reactions are
very fast. Nevertheless, in the boundary-layer flow over a highly
cooled flat plate, gas phase recombination reactions are expected
to occur even close to the leading edge.

For this reason numerical calculations including variable
transport properties and nonequilibrium gas phase reactions
were carried out for the flow of dissociated pure nitrogen over a
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